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i .  I n t r o d u c t i o n  

The exper imenta l  and theore t ica l  invest igat ion of convect ion began r e l a t ive ly  recen t ly .  At the s t a r t  of 
this century  in the f i r s t  exper iments  in a hor izonta l  l ayer  with weak supe rc r i t i ca l i t y  B~nard observed the fo r -  
mat ion  of a spa t ia l ly  per iodic  hexagonal  s t ruc tu re .  The l inear  theory  of this phenomenon, convect ive ins ta -  
bility, was a l r eady  understood by Rayleigh.  As for  the study of a nonlinear r e g i m e ,  a suff icient ly cons i s ten t  
theory  of this phenomenon was cons t ruc ted  r e l a t i ve ly  r ecen t ly  [1, 2]. 

According to this theory ,  hexagonal  cel ls  f o r m  owing to a weak dependence of the v i scos i ty  V on the t e m -  
p e r a t u r e  T. In pa r t i cu l a r ,  f r o m  this theory  there  followed the conclusion,  conf i rmed exper imenta l ly ,  that the 
d i rec t ion of convect ive  c i rcu la t ion  is de te rmined  by the s ign of ~7//0T, while the excitat ion of cel ls  takes place  
s t r i c t l y  up to an ampli tude propor t iona l  to Ov/0T (for m o r e  detai l  on this see  [3] and the l i t e r a tu re  cited there) .  
When such a dependence of the v i scos i ty  on the t e m p e r a t u r e  is absent ,  one-d imens ional  per iodic  s t ruc tu re s  
f o r m :  r o l l e r s .  And the exci tat ion of r o l l e r s ,  as shown by subsequent  exper iments  [4] using Doppler  ve loci ty  
m e t e r s ,  takes p lace  mildly in comple te  accordance  with the Landau law [5]. It should be noted that f r o m  the 
f i r s t  exper imen t s  of B~nard the fo rmat ion  of cel ls  has been observed in those cases  when the upper su r face  is 
f r ee .  But when the upper  s u r f ace  is r ig id  one obse rves  r o l l e r s  a t  a weak superc r i t i ca l i ty ,  as a ru le ,  while 
hexagonal  ce l l s ,  developing due to the weak dependence of the v i s cos i t y  on the t e m p e r a t u r e  and existing, a c c o r d -  
ing to [2], in a sma l l  r ange  of supe rc r i t i c a l i t i e s ,  a r e  observed  r a t h e r  r a r e l y  for  this r ea son .  

In the p r e s e n t  r e p o r t  i t  is shown that  a t  a weak supe rc r i t i c a l i t y  the effects  connected with a f r ee  su r f ace  
a r e  dec is ive  in the fo rmat ion  of hexagonal  cel ls  in a number  of c a s e s .  The fo rmat ion  of such cel ls  r e p r e s e n t s  
an  analog of a phase  t rans i t ion.  This fully per ta ins  to any t rans i t ion  f r o m  a l amina r  to a turbulent  s ta te .  For  
example ,  a phase  t rans i t ion  of the second kind co r r e sponds  to a mode of mild exci ta t ion while a phase  t r an s i -  
tion of the f i r s t  kind co r re sponds  to a mode of hard excitat ion.  We emphas i ze  that  the t rans i t ion  to weakly 
supe rc r i t i c a I  convect ion in a hor izonta l  l ayer  is two dimensional .  The la t ter  is connected with the fact  that  
unstable  s ta tes  a r e  cha r ac t e r i z ed  by a wave vec to r  k lying in the hor izonta l  plane and a d i s c r e t e  number n, 
which in the s i m p l e s t  c a se  coincides with the number  of ha l f -waves  ve r t i ca l ly .  There fo re ,  a t  a weak s u p e r -  
c r i t i ca l i ty  pe r tu rba t ions  with the m i n i m um  number  n build up; because  of i so t ropy in the hor izontal  plane their  
i nc remen t  Yk is pos i t ive  in a na r row  layer  near  Ik[ =k0 (Y~0 = 0). This instabi l i ty  is aper iod ic ,  and t he re fo re  
t h r e e - p a r t i c l e  p r o c e s s e s  will be impor tan t  in the nonlinear s tage .  Per tu rba t ions  whose wave vec to r s  f o r m  an 
angle of v/3 a r e  connected with each other  in these  p r o c e s s e s .  It is fundamental  that t h r e e - p a r t i c l e  p r o c e s s e s  
do not s tab i l ize  an  instabi l i ty.  This can be understood f r o m  the following. Let  us consider  three  excited modes 
with equal and r e a l  ampli tudes  A, the wave vec to r s  of which jus t  f o r m  an angle of v/3. Then the evolution of A 
is de te rmined  f r o m  the equation 

s imp le  in tegra t ion  of which leads to 

OA + ~ UA~, 
o'-T=~ 'A . 

U - 1  

F r o m  this it  is seen  that  when U>0  there  is a t ime  when the ampl i tude  goes to infinity. This is a so -ca l l ed  
explos ive  instabi l i ty.  When U < 0 a s ingular i ty  a lso  develops ,  only for per tu rba t ions  di f fer ing f r o m  those d i s -  
cussed  by a phase  shif t  of v. Thus, t h r e e - p a r t i c l e  p r o c e s s e s  lead only to a co r r e l a t i on  of th ree  in te rac t ing  
modes ;  these  p r o c e s s e s  do not r e m o v e  the degeneracy  with r e s p e c t  to angle and do not stop the instabil i ty.  
Stabil izat ion of an instabi l i ty  can only be provided by a f o u r - p a r t i c l e  in teract ion.  It is c l ea r  that  in desc r ib ing  
such an in te rac t ion  nea r  the threshold  one mus t  be confined only to the reg ion  near  Ikt = k0, s ince far  f r o m  it  
the per turba t ions  die out: Yk<0. On this bas is  the equation for  the ampl i tudes  A k of the excited per turba t ions  
has the fo rm 
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Ot = ykA~ + A::Ak~6~-~:-~2dk:dk2 - - -3Y T-:::~3Ah:A:~A:38h-h:-h2-'~3 dk:dk2dk3' 

w h e r e  U and Tkklk2k 3 a r e  m a t r i x  e l emen t s  of t h r e e - p a r t i c l e  and f o u r - p a r t i c l e  in t e rac t ions  taken a t  s u r f a c e s  
lki[ = k0, and A k = A*_. k. We note tha t  Eq.  (1.1) p r e s u m e s  that  the nonl inear i ty  is sma l l .  This ac tua l l y  means  
tha t  a m a t r i x  e l e m e n t  U a t  a r e s o n a n c e  s u r f a c e  m u s t  have  a s m a l l n e s s  not connected  with the  s u p e r c r i t i c a l i t y .  
F o r  example ,  this c r i t e r i o n  is invalid for  s u p e r c r i t i c a l  flows f o r m i n g  as a r e s u l t  of the d e v e l o p m e n t  of a 
t h e r m o c a p i l l a r y  ins tabi l i ty ,  due to  the dependence  of the coef f ic ien t  of su r f ace  t ens ion  a on the t e m p e r a t u r e .  
In p a r t i c u l a r ,  a l l  the quant i ta t ive  r e s u l t s  of [6], in which  this e f fec t  is ana lyzed ,  a r e  t h e r e f o r e  e r r o n e o u s .  

It should be noted tha t  this p r o b l e m ,  fo rmula t ed  in t e r m s  of Ak,  is s i m i l a r  to the p r o b l e m  which we con-  
s ide red  on the deve l opm e n t  of hexagona l  r e l i e f  a t  the s u r f a c e  of a liquid d i e l ec t r i c  when a v e r t i c a l  field is 
tu rned  on [7]. 

In the p r e s e n t  r e p o r t  it is shown that  in weakly  s u p e r c r i t i c a l  convec t ion  the m a t r i x  e l e m e n t  U d i f fers  
f r o m  z e r o  owing to two weak e f fec t s :  the ef fec t  of f ini te  d e f o r m a t i o n  of the f r e e  s u r f a c e  and the t h e r m o c a p i l -  
l a r y  e f fec t  with weak  n o n i s o t h e r m i c i t y  of the f r e e  s u r f a c e .  It  is jus t  this c i r c u m s t a n c e  which p r o v i d e s  for  the 
ex i s t ence  of s tab le  hexagona l  ce l l s  with weak  s u p e r c r i t i c a l i t y .  With l a rge  s u p e r c r i t i c a l i t i e s  the ce l l s  b e c o m e  
uns tab le ,  whi le  o n e - d i m e n s i o n a l  s t r u c t u r e s  ( ro l le r s )  a cqu i r e  s tab i l i ty .  

2 .  B a s i c  E q u a t i o n s  

To d e s c r i b e  convec t ion  we use  the d i m e n s i o n l e s s  B o u s s i n e s q  equat ions [3] for  the ve loc i t y  and the p e r -  
t u rba t ion  of the t e m p e r a t u r e  T, r eckoned  f r o m  the equ i l ib r ium va lue  T o = - A z  + B (A > 0) : 

Pr-ldv/dt  = --VP + Av + RaTe~; (2.1) 

<?T/at + (vv)T = AT + vz, div v = 0, (2.2) 

w h e r e  l=ia = ~gAh4/vX is the Ray le igh  n u m b e r ;  P r  = , / •  is the P r a n d t l  numbe r ;  e z is the uni t  v e c t o r  d i r ec ted  
a long  the z ax i s ;  ~ is the coe f f i c i en t  of t h e r m a l  expans ion ;  v and • a r e  the coef f ic ien ts  of v i s c o s i t y  and t h e r m a l  
d i f fus iv i ty ;  h is the s i ze  a long  the z ax is .  In these  equat ions  t ime  is m e a s u r e d  in units  of h2/)/, ve loc i ty  in units 
of x/h,  and t e m p e r a t u r e  in units of Ah. 

Hence fo r th  we will take  P r > > l .  Fo r  wa t e r ,  for  example ,  P r  = 5, while for  oils the P rand t l  number  
r e a c h e s  10 2 and s o m e t i m e s  10 3. T h e r e f o r e ,  the ine r t i a l  t e r m  in Eq.  (2.1) can  be neg lec ted .  

Now le t  us f o r m u l a t e  the boundary  condi t ions .  We will  d i s t inguish  two types  of boundary  condi t ions  a t  
the lower  boundary .  The f i r s t ,  the s o - c a l l e d  Rayle igh  bounda ry  condi t ions ,  a r e  

V z =  O, Ov~/Oz= 0, T = 0 at z =  0, (2.3) 

whi le  the second  a r e  those  with a sol id boundary :  

v = 0 ,  T-----0 at z = 0 .  (2.4) 

A t  the f r e e  d e f o r m a b l e  s u r f a c e  z = l + ~ ( r •  t) the f i r s t  bounda ry  condi t ion  r e p r e s e n t s  the k inemat ic  con -  
nec t ion 

O~/<?t = v , -  (v~v~)~; (2.5) 

the second  r e p r e s e n t s  the equal i ty  of f o r c e s  

av i 0% 1 [_ ~ + WA., ~ _ ~ ~,] n,= ~ [__,5ia + _~xk + a_~_i jnk ; (2.6, 

and the th i rd  r e p r e s e n t s  the condi t ion  of i s o t h e r m i c i t y  
r [ := :+:  = 4, (2.7) 

w h e r e  n is the n o r m a l  to the s u r f a c e ;  W = a/pgh2; .~ = vZ/gh 3. F r o m  these  boundary  condi t ions  it is s een  that  in 
the l i m i t  p - *  0 the condi t ions  (2.5)-(2.7) change  into the Ray le igh  boundary  condi t ions .  

F o r  l a y e r s  which a r e  not v e r y  n a r r o w  the p a r a m e t e r  ~ is a c tua l l y  s m a l l ,  which one can  a s c e r t a i n  by 
r e p r e s e n t i n g  p in the f o r m  

V~ = (yg/Og)2Pr -1, 

w h e r e  yg = v/h 2 and (og = (g/h):{ 2 a r e  the damping  and the f r e q u e n c y  of a g rav i t a t iona l  s u r f a c e  wave  with k ~ h  -1. 
The r a t i o  Wg/rg a p p e a r i n g  h e r e  r e p r e s e n t s  the qual i ty  of the waves ,  which is high,  as  a ru l e .  F o r  this r e a s o n  
the p a r a m e t e r  # is sma l l .  
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Anothe r  pos s ib l e  e f fec t  which exis ts  a t  a f r e e  s u r f a c e  is connec ted  with the dependence  of the coef f ic ien t  
of s u r f a c e  tens ion  a on the t e m p e r a t u r e  [8]. Natura l ly ,  this e f fec t  is pos s ib l e  only when the f r e e  s u r f a c e  is 
non i so the rma l .  The non i so t he rm i e i t y  of the s u r f a c e  c a n  be mode led  by the in te rpo la t ion  condi t ion [3] 

- - •  = a ( T -  T~), 

w h e r e  ~t is the coe f f i c i en t  of t h e r m a l  conduct iv i ty ;  T 2 is the t e m p e r a t u r e  of the upper  m a s s  as  z---~o. 

We wil l  a s s u m e  tha t  the n o n i s o t h e r m i c i t y  is weak,  which c o r r e s p o n d s  to the condi t ion  b ---- ah/~ >> I.  
T h e r e f o r e ,  it is c l e a r  that  i n  the t h e r m o c a p i l l a r y  ef fec t  one should not a l low for  the d e f o r m a t i o n  of the f r ee  
s u r f a c e ,  which is c h a r a c t e r i z e d  by ano ther  s m a l l  p a r a m e t e r / ~ .  

Then taking a = a 0 -  aT and changing  to p e r t u r b a t i o n s ,  we a r r i v e  a t  the fol lowing boundary  condi t ions :  

vz = O, ~z = -- Bv~ T' T=-5-~Tz at z~l, 

w h e r e  B ---- A(rh2/pvX. We e m p h a s i z e  that  as  b ~ . o  these  bounda ry  condi t ions  once aga in  change  i n t o t h e R a y l e i g h  
bounda ry  condi t ions .  

Le t  us tu rn  to the ca lcu la t ion  of T, U, and Tkklkzk 3. F i r s t  we wil l  b r i e f ly  d i scuss  the l inear  t heo ry  of con -  
vec t i ve  ins tabi l i ty .  We note  tha t  the  o p e r a t o r  

with # = 0 and b = ~o is s e l f - a d j o i n t  if the s c a l a r  p roduc t  is defined in the f o r m  

F r o m  this i t  fo l lows,  in p a r t i c u l a r ,  tha t  the ins tab i l i ty  is ape r iod ic .  It  is obvious that  this s tab i l i ty  a l so  r e m a i n s  
ape r iod i c  when/~<<1 and b>>l.  

A s s u m i n g  Ray le igh  boundary  condi t ions  a t  the lower  s u r f a c e  and # = 0 and b '= ~o, we wr i te  the e x p r e s s i o n  

for  the i n c r e m e n t  (cf. [3]) as  

k ~ (Ra  - -  R a h n  ) (2.8) 
~,~ = (k2 § a~n2) ~ 

for  the t e m p e r a t u r e  e igenfunct ions  | = s in  mrz, and for  the ve loc i ty  

Ra k 2 ik C3Uzttn 
uzh n =  (k 2 + .~znz) : s inn~z,  U• k 2 ~z ' 

w h e r e  Rakn = (k 2 + n2v2) Z/k2. 

F r o m  Eq. (2.8) i t  follows that  the ins tabi l i ty  th resho ld  is r e a c h e d  a t  n = 1, k = k0 = Ir/~/~, and Ra c = 27va/4. 
~Iherefore ,  nea r  the ins tab i l i ty  th resho ld  3 / ~ R a - R a c .  We note  tha t  the  i n c r e m e n t  behaves  exac t ly  the s a m e  
way  when the lower  s u r f a c e  is sol id .  A c c o r d i n g  to [3], in this e a s e  the ins tab i l i ty  th resho ld  is r e a c h e d  a t  n -- 1, 
k0 = 2.682, and Ra c = 1100, 657. Then the neu t r a l  e igenfunct ion  has the f o r m  

~h~ = sin ~ ( 1 -  z ) -  2 sin z~Re [o_,~/. sin u~ (i -- ~)] 
�9 8ill Z 2 

w h e r e  
~ 2  ----- zl = 3,569; • = t.895 q- i4.555; ( ~.2-}-k~) 3 k~oRae �9 

Hence fo r th  the e igenfunct ions  of the l inea r  p r o b l e m  with Ra = Rac ,  k = k0, ~z = 0, and b = ~o will  be de s ig -  

nated as  O0 and u0. 

Now le t  us p r o c e e d  to the ca lcu la t ion  of the m a t r i x  e l e m e n t s .  F i r s t  we cons ide r  the c a s e  of/~ = 0 and 
b = ~o. In this l imi t ,  as  was  noted,  the  o p e r a t o r  L is s e l f - ad jo in t ,  while  the boundary  condi t ions  a r e  l inea r .  
T h e r e f o r e ,  the so le  nonl inear  t e r m  is the t e r m  (vV)T in Eq.  (2.1). Then expanding �9 by e igenfunct ions  of the 

l inea r  p r o b l e m ,  

we  a r r i v e  a t  the equa t ion  
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at ~- ?unA~n , 2 ~ [Ji~ !hl~2AhlnlA~2n26h+hl+h2dkldh~. 
J ~ln2 

F r o m  the self -adjoint  nature of the operator  L and Vz = 0 at z = 0.1 we get the important  resu l t  that the matr ix  
element  Ukklk 2 is equal to zero  at  the sur face  [kit = k0. In fact,  by vir tue of the identity 

-~- c.c. ) 5k+~l+a~dkldk~dh 

and the a rb i t r a r ines s  of Akn , the following relat ions develop for the matr ix  elements : 

yyn [nln2 ! n l  nn 2 n 2 n ln \  
~k iklh ~ I- U~, kk2 + U~ ~l~) 6~+~1+~ = O. 

Taking n = nl = n 2 = ]- and lkii = k0 in this equation, we a r r ive  at  U = 0. Thus, th ree -par t i c le  terms a re  absent  
in the expansion (1.1) with ~ = 0 and b = ~o. We emphasize that this conclusion is a lso valid when the upper su r -  
face is solid. The latter means that the expansion in (1.1) s tar ts  with the four -par t i c le  term.  This in turnleads 
to a mild mode of excitation, in full accordance  with exper iment  [4] and with the Landau theory  [5, 9] .* The re -  
fore,  in the Boussinesq approximation the matr ix  element  U can be different f rom zero  only because of the free 
surface.  Here we can distinguish two fac tors :  f i rs t ,  the nonlineari ty of the boundary conditions~ and seeond~ 
the non-se l f -adjo in t  nature of the operator  L. Since p<<l and b>>l, the two effects (the effect of a deformable 
sur face  and the thermocapi l l a ry  effect) can be considered separa te ly .  

3 .  C a l c u l a t i o n  o f  t h e  M a t r i x  E l e m e n t s  

F i r s t  we calculate  the contribution to the matr ix  element U due to the finite sur face  deformation.  F i r s t  
of all we make severa l  simplif ications.  We reca l l  that the matr ix  element U is defined near the surface  Ikit = 
k0, i.e., in the th ree -pa r t i c l e  interact ion the wave vec tors  of the perturbat ions fo rm a regu la r  tr iangle with good 
accuracy .  Therefore ,  for example, (v•177 T ~ %  ""Tz~T when z = 1. It is also obvious that the matr ix  element U 
due to a finite deformation is proport ional  to p. Therefore ,  it is neces sa ry  to neglect  the t e rm O~/0t in (2.5). 
Then expanding all the functions with z = 1 + ~ in ser ies  with r e spec t  to ~, we a r r i ve  at the following boundary 
conditions : 

1 Ovz 
vz 2 a.: T; (3.1) 

= 2 -~-z 1; (3.2) 

Or• Ov 0% ~ 
V • Vz 4- oz 2 " ~  V • T - -  T "~T'z2 ' (3.3) 

which, in an approximation linear with r e spec t  to amplitude, have the form 

av~ ( av z ~ (3.4) 
v z = O ,  Oz = 0 ,  ( - - i 4 - W A d )  T = v  --P4-2-~-z]" 

With such linear boundary conditions the operator  L is no longer self-adjoint ,  i .e. ,  the boundary conditions at  
the f ree  sur face  for the eigenfunction ~P of the conjugate problem no longer coincide with the analogous ones 
for <P. They a re  determined f rom the equation 

(~, LW) - -  (L  W, W) = 0. 

One can ver i fy  that the difference between these integrals is reduced to an integral  over the sur face  z = 1, 
f rom which one can obtain 

(--i  + w h •  = vRa O~/Oz, g) = O, iu~_/Oz + V~-5~ = O. (3.5) 

The boundary conditions for the conjugate problem at  the lower surface  a re  the same as for the d i rec t  
problem. 

Now let us proceed to the derivat ion of the equations for the amplitudes A k. We note that in these equa- 
u n@lp2 tions the matr ix  element T develops in the second order  with r e s p e c t  to k l K 1 K 2  t which is not connected with 

*It should be emphasized that for convection the sign of the mat r ix  element T is positive, as will be shown 
below. 
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TABLE 1 

Boundary con-  
ditions at  
z=O 

du ~ 
rz----0, --~ =0 

t,z=0, v & = 0  

3,202 

3,207 

U t b 

.B 

--0,205 

--0,225 

T O T ~  6 T /& 

5,552 

t0,225 

5,t53 

9,364 

4,753 

8,506 

%3 

4,35t 

7,569 

T g/2 

3,050 

6,8t0 

the smal l  p a r a m e t e r s  g and b -1 whereas  the ma t r i x  e l emen t  U is propor t iona l  to them.  There fo re ,  a t  s u p e r -  
c r i t i ca l i t i e s  ( R a - R a c ) t / 2 ~ # ,  b -~ a l l  the t e r m s  in (1.1) p rove  to be of the s a m e  order .  Thus,  the solution of 
Eqs.  (2.1) and (2.2) near  the threshold mus t  be sought in the f o r m  of an asympto t ic  s e r i e s  by powers  of the 
supe rc r i t i ca l i t y ,  

= ~I'i + 6tI r, 

where  ~, is the exact  solution of the l inear  p rob lem;  55 is a h i g h e r - o r d e r  per turbat ion .  

Then expanding v and T by eigenfunetions of the l inear  p rob lem,  f r o m  (2.1) and (2.2) we a r r i v e  a t  the 
equation 

Ba OAh/Ot<-Ok[Oh> -~ (--~a, LT) - -  Ra(O~l(v~v r~)a> - -  na<Oa ](v~v6r)a > - -  Ra(Oa [(6vvT~)~>, 

where  (l) denotes integrat ion with r e s p e c t  to z. 

In this equation the las t  two t e r m s  a f t e r  the i te ra t ion  bas ica l ly  co r respond  to a f ou r -pa r t i c l e  in terac t ion  
not containing the sma l l  p a r a m e t e r s  ~ and b -1. In pa r t i cu la r ,  the l as t  t e r m  is bas ica l ly  equal to ze ro  a t  the 
su r f ace  lki[ = k0. The re fo re ,  when finding 5T and 5v f r o m  the equations 

0 = - -V@ + h~v + Ra6Te~, v~vT~ = A6T + 6vz (3.6) 

i t  is suff icient  to use  the Rayleigh boundary conditions a t  z = 1: 

G9 2 
6v z = 0 ,  ~ ( 6 v z ) = 0 ,  6 T = 0 .  

ff we appiy the r o t  ro t  opera tor  to the f i r s t  equation of (3.6) and change to the Four i e r  components ,  then 
we obtain the equations 

where  the function 

g(cp) = t--cosq~ o t +eos(p ( ~0o~ Ou~ Oo~) 
- - - - 5 - - -  o~ (Uo~kOo~)+ - - - T - - -  uG~ oz oz 

is connected with ~(~) by the equations 
0 -= --h2wz -4- k2Rax, g =- h~ -/- w, (3.7) 

with the boundary conditions (2.3), (2.4), and (3.4) with g = 0, while r is the angle between the vec to r s  kl and k 2 
(k 2 = 2k~( l+cos  ~p)) and A = O2[Sz~-k 2. 

We note that in the case  of a Rayleigh lower boundary a pa r t i cu la r  solution of the s y s t e m  (3.7) sa t i s f ies  
the boundary condit ions.  And in the case  of a solid lower su r face  the co r respond ing  solution of the homogeneous 
s y s t e m  mus t  be added to the pa r t i cu l a r  solution. 

Then subst i tut ing 6T into the in tegra l  --Ra<OkI(vxvST)h>, we obtain 

B a y  I (r AhlAt~2Aha6t~-kl-hr%dkldk2dks, 
(2~) ~ 

where  I ( ~ ) =  --yg(~).~(q))dz; cpl 2 is the angle between the vec to r s  k 1 and k 2. 

A ma t r i x  e l emen t  of the fou r - f r equency  in terac t ion  is obtained f r o m  this by symmet r i z a t i on  over all  the 
wave vec to r s .  Fo r  Rayleigh boundary conditions at  the su r face  [kit = k 0 the ma t r ix  e l emen t  is 
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[ 4 (5 + c~ ~)2 (l -- c~ r 4 (5 -- cos r (l -{- cos ~) ~ ] 
T ~ =  Tkx~_hl-k 2 = ~  l ~ -  4 (5 + cos ~)a -- 27 (i + cos cp) ~- 4 (5 -- eos ~)a -- 27 (i -- cos ~) " 

The v a l u e s  of T(p for  a so l id  l o w e r  b o u n d a r y  a r e  g iven  in T a b l e  1. 

Now l e t  us t u r n  to the c a l c u l a t i o n  of the m a t r i x  e l e m e n t  U. As  i n d i c a t e d  above ,  i t  is d i f f e r e n t  f r o m  z e r o  
b e c a u s e  of the n o n l i n e a r  b o u n d a r y  cond i t ions  and the n o n - s e l f - a d j o i n t  n a t u r e  of the o p e r a t o r  L.  The c o n t r i -  
bu t ion  of the f i r s t  e f f e c t  is d e t e r m i n e d  f r o m  the i n t e g r a l  

(~h, L~F) = (L-~, T) + ( ~ ,  L~)  - -  (n~k, ~I'), 

w h e r e  the  f i r s t  t e r m  l e a d s  to a t e r m  l i n e a r  wi th  r e s p e c t  to  a m p l i t u d e ,  

Ra y~<e)~lOk>Ak, 
whi le  the d i f f e r e n c e  be tween  the l a s t  two t e r m s  c o m e s  down to an  i n t e g r a l  over  the s u r f a c e  z = I and is d i f -  
f e r e n t  f r o m  z e r o  by v i r t u e  of the  n o n l i n e a r  b o u n d a r y  cond i t ions  (3 .1) - (3 .3) .  U s i n g  the e x p l i c i t  e x p r e s s i o n  for  
t h e m ,  we can  r e d u c e  th is  d i f f e r e n c e  to the  f o r m  

,I [ ' " ~  r as; or t a ~ o z a , , , , r _ _ ~ p o ~  j .  dr,~ Ra--~Z T 0-'2" 2ko~ az az3 

In th is  e x p r e s s i o n  we expand  T and Vz in s e r i e s  with r e s p e c t  to the e igen fune t ions  of the l i n e a r  p r o b l e m .  
F i n a l l y ,  the c o n t r i b u t i o n  to the m a t r i x  e l e m e n t  U due to the  non l inea r  b o u n d a r y  cond i t ions  has  the f o r m  

Ra <0~ leo.> 0 + wk~) ~~ ~o,~ - ~;,~ - R~o (eo~ 

Now l e t  us c o n s i d e r  the  c o n t r i b u t i o n  to U due to the i n t e g r a l  - -Ra(Okl  (vxvT1)k>- When # = 0 th is  i n t e g r a l  
is  equa l  to z e r o  by  v i r t u e  of the  s e l f - a d j o i n t  n a t u r e  of the o p e r a t o r  L ( s e e  Sec .  2). T h e r e f o r e ,  we expand the 
e igen func t i ons  of the  d i r e c t  and con juga te  p r p b l e m s  in s e r i e s  with r e s p e c t  to p.  Then  be ing  conf ined  to t e r m s  
of f i r s t  o r d e r  with r e s p e c t  to p (65, 65 ~ ~), we ob ta in  

- -  Ra <(6(9k - -  6@k) ] (u0VOo)k> ~A~lAk~6~-kz-k~dkldk~. 

The e x p r e s s i o n  (u0V| 0)k a p p e a r i n g  h e r e  is  p r e c i s e l y  the func t ion  g(q~) which  we i n t roduc e d  with q~ = 2v/3 ,  s o  
tha t  the m a t r i x  e l e m e n t  is 

w h e r e  r = (~, Wz) is  the s o l u t i o n  of the s y s t e m  (3.7) wi th  q~ = 2v/3.  I n t e g r a t i o n  of this  m a t r i x  e l e m e n t  by p a r t s  
l e a d s  to a s u m  of s u r f a c e  t e r m s  when z = 1. Then u s i n g  the b o u n d a r y  cond i t i ons  (3.4) and (3.5),  we a r r i v e  a t  
the  e x p r e s s i o n  

Thus ,  the m a t r i x  e l e m e n t  U due to the f in i t e  d e f o r m a t i o n  is 

U~ = Un + U~; 

in particular, with Rayleigh boundary conditions at the lower surface we have 

tt24 p, Ra o 
Ua 

a~ 0 + w ~ )  

The v a l u e  of U d for  a so l id  l o w e r  b o u n d a r y  is g iven  in Tab le  1. 

The m a t r i x  e l e m e n t  due to the t h e r m o c a p i l l a r y  e f f ec t  is c a l c u l a t e d  s i m i l a r l y :  

(3.8) 

( s ee  T a b l e  1). The to ta l  m a t r i x  e l e m e n t  U due to the  f r e e  s u r f a c e  c o n s i s t s  of the s u m  U d + U  t. 

L e t  us g ive  the e x p r e s s i o n  for  the m a t r i x  e l e m e n t  U~? connec t ed  with the  t e m p e r a t u r e  d e p e n d e n c e  of the 
c o e f f i c i e n t  of v i s c o s i t y :  

2~ / OUo,; " \* [" [ OUo/ OUot \ l  
[~ + 

w h e r e  [ = dln~ Ah. dT 
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4.  S t e a d y - S t a t e  S o l u t i o n s  a n d  T h e i r  S t a b i l i t y  

Now le t  us proceed  to a study of s t e a d y - s t a t e  solut ions,  being confined to the considera t ion  only of 
per iod ic  solutions with vec to r s  q of the r e c i p r o c a l  la t t ice  whose lengths a re  equal to the c r i t i ca l  value k0. 

By v i r tue  of the two-dimensional i ty ,  Eq. (1.1) has only three  s t eady- s t a t e  per iodic  solutions,  in the f o r m  
of hexagonal  cel ls  

8 

A~ = A S ~ (6~_qi + ~+q~),  q~ + q2 + % = 0, 

square  cel ls  

and r o l l e r s  

A~. = Al(6a--:~ + 6a.+q), 

the r e s p e c t i v e  ampli tudes  of which a r e  

U 

(qtq~) = 0, 

[ 2Yko U "z I x/i 

A ~ = ( 2 r ~ u  d , A , =  \ ' -~ '0 /  " 

The f i r s t  solution is cha r ac t e r i z ed  by a hard mode of exci tat ion with a jump at  Ra = Ra e having a s ize  

Aa = 2U/(4T~a + To), 
while the other two a r e  cha r ac t e r i z ed  by exci tat ion with a mild mode:  

Al., ~VR-a  - aao. 

The s tabi l i ty  of these  modes is de te rmined  f r o m  the l inear ized  equation (1.1) for the ampli tudes  ak: 

a% u ~ Ak,a~,t6h_~,t_ktdktdkz _ . ~  S T_hk~,~aA~,tA~,a~,a~,_h,_k~_~sdk,dk~dkv (4.1) O'--i- = Yaaa -{- 

AS in [7], we a r e  confined to the cons idera t ion  of per tu rba t ions  ak(t) = a k e  Yt with wave numbers  on the 
o rder  of k0 (k -k0~ v~ q ' ~ R -ac ) ,  which a r e  the m o s t  dangerous f r o m  the point of view of s tabil i ty.  For  such p e r -  
turbat ions 

~4 = c~ - - / ( k  - -  k0)L 

where  
<Uo~k ] 0o~>.  c 02Rak 

e =  <Oo~lOok > ,  e = R a - - R a c ;  / = ~  a-'~--" 

F i r s t  le t  us s tudy the s tabi l i ty  of r o l l e r s  in detail .  He re  and l a te r  we dist inguish three  regions  for p e r -  
turbat ions a k whose wave vec t o r s  l ie in the l ayer  of k -  k0 ~~-g. In the f i r s t  region the angle ~ between the p e r -  
turbat ion vec to r  k and the vec to r  of the r e c i p r o c a l  la t t ice  is not c lose  to any of the values  of 0, Ir/3, 2~3 ,  or 7r 
(external  s tabi l i ty ,  nonresonance  per tu rba t ions ) ,  in the second reg ion  the vec to r  k is c lose  to one of the vec to r s  
of the r e c i p r o c a l  la t t ice  q and - q  (internal  s tabi l i ty) ,  and in the third region the angle ~ is c lose  to Ir~3 or 27r/3, 
when the per tu rba t ions  a r e  r e sonan t iy  connected with each other by a t h r e e - p a r t i c l e  interact ion.  

In the f i r s t  case  the eigenmodns a r e  plane waves ,  for which the d i spe r s ion  equation has the f o r m  

r = 74 r~ A,~, 

where  r is the angle between the vec to r s  k and q. Rol le rs  a r e  s table  r e la t ive  to such per tu rba t ions .  

In the second reg ion  the eigenfunctions of Eq. (4.1) r e p r e s e n t  combinat ions of two per turba t ions  : 

a~ = a14-q-x + a-16h+q-~ �9 

The s y s t e m  of equations for the ampl i tudes  at and a - i  is decomposed into two equations:  for even (c+ = (at+ 
a_i)/2) and odd (c_ - ( a i -  a-i) /2i)  pe r tu rba t ions .  Thei r  eigenvalues a r e  (cf. [10]) 

r+ ---- - -2c~ - -  I~  2 cos ~ ~ < 0, r_  = - l •  ~ c o s 2 ~  < o, 

where  ga is the angle between the vec to r s  ~t and q. 

In the third r eg ion  the eigenfunctions a lso  r e p r e s e n t  combinat ions of two per tu rba t ions ,  

ak = a l~k-k l -x  + a~6h--k2--~ 

(k 1 = k2+q), with the eigenvalues 
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The condition 

determines  the region of stabili ty of ro l l e r s  : 

C (Ra -- Rae) ~ 2T~ U 2 -~- ce 1. 
(2Tz/a -- To)2 

The stabili t ies of square and hexagonal cells a re  investigated in a s imi lar  way. 

Square ceils always pr eve to be unstable. It is fundamental that they are unstable re lat ive to per turbat ions  
with wave vectors  f rom the second region;  for these perturbations 

Fraax = (2Tz / :  - -  To) A~ > O. 

AS for hexagonal cel ls ,  they a re  stable re la t ive  to nonresonance perturbations 

A ~ F = ce - -  ] (k  - -  ko) ~ (T~ + Tr + T~_~/3) 8 < 0 

and to odd resonance  perturbations 

F = - - ] ~ / 2  -t- 1u2/4 ~ .  O, F = - - 3 U A 3  - -  ]u~/2 ~ O. 

For  even resonance  per turbat ions the eigenvalues have the form 
]• • /• 

F = 2ce --  2 (T O + Tu/3) A~ - -  - -5-  --4-" 

1 A 2 1• 3 
r = - -  ce - -  7 (To + 4T~/3) ~ 2 " 

The condition F e 0 determines  the reg ion  of stabili ty of hexagonal cells 

4t U S T O 4- T~tl3 U~ = 
2 T. + ~- /3  <~ c e ~ 4  ce2" 

(2Tn/3 -- To)~ 

F r o m  this it follows that in the range of supercr i t ica l i t ies  e 1 < e< ~2 both hexagonal cells and ro l le rs  are  stable. 
The transit ion f rom one state to another is hard. 

Thus, for weak supercr i t ica l i ty  the f i r s t  bifuraction is the t ransi t ion to hexagonal cells with a hard mode 
of excitation. This transit ion is due to a th ree -par t i c le  interaction,  the mat r ix  element  of which differs f rom 
zero  for a free upper boundary owing to the thermocapi l la ry  effect and the deformation of the surface.  
Naturally, with allowance for the t empera tu re  dependence of the v iscos i ty  all three of these effects make an 
additive contribution to U. The re la t ive  contributions of each a re  determined by the pa ramete r s  Ut]U ~ and 
Ud/U v. For the f i r s t  of them, in accordance  with (3.8) and (3.9), 

{ % ~  Vr d l .~  

where wc~ and 7~ a r e  the frequency and the damping of a capi l lary  wave with k ~ h  -1. F r o m  this it is seen that 
this ra t io  can be la rger  than unity owing to the factor (c0~/V~)~Pr. Fo r  water with h = 1 cm, for example,  
Ut/Ur 7 ~ 104[b, i.e., these two effects are  comparable  at  a nonisothermici ty b ~ 104. It should be emphasized 
that the thermocapi l la ry  effect, charac te r ized  by the pa ramete r  ]3, influences the convective instability, rn ve ry  
narrow layers  h << h~ = ((r/pg~)V2 this instability is reorganized  and changes into a thermocapi l la ry  instabil i ty 
[9]. Therefore ,  our analysis is valid when h>>hc. 

As for deformation effects,  they a re  important  when d In p /d  In ~? ~ 1. For a lmost  all liquids, however,  
this pa ramete r  is smal l ,  ~ 10 - I ,  10 -2. It becomes on the order  of unity in the vicinity of the inversion point Tc, 
where 0~/aT = 0. For  sulfur,  for example, T c = 153~ 

1. 
2. 
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E X P E R I M E N T A L  I N V E S T I G A T I O N  O F  

N E A R  A H O R I Z O N T A L  C Y L I N D E R  

V.  A .  B e l y a k o v ,  P .  M.  B r d l i k ,  
a n d  Y u .  P .  S e m e n o v  

M I X E D  A I R  C O N V E C T I O N  

UDC 536.25 

Heat  exchange with mixed convect ion near  a hor izonta l  cyl inder  plays an impor tan t  ro te  in a number  of 
technological  p r o c e s s e s .  In addition, a cyl inder  is a convenient  model  for a fundamental  invest igat ion of the 
p r o c e s s .  Severa l  r e p o r t s  on this p r o b l e m  have now been published. The boundary- l aye r  equations,  wr i t ten  in 
the Bouss inesq  approximat ions  have been solved numer i ca l ly  for the region of a cyl inder  where  the use of 
bounda ry - l aye r  theory  is poss ib le  [1-3]. The numer i ca l  invest igat ion was ca r r i ed  out m o s t  fully in [1], where ,  
a long with r e su l t s  on hea t  exchange and f r ic t ion,  data  were  obtained on the inf luence of gravi ta t ional  forces  on 
the separa t ion  of the boundary l aye r .  In al l  the r e p o r t s  the ve loc i ty  dis t r ibut ion a t  the outer l imi t  of the 
boundary l ayer  is taken ei ther  f r o m  exper imenta l  data for pure ly  forced motion or as for s t r e a m l i n e  flow of an 
ideal fluid, s ince there  a r e  no data for mixed convection.  The a v e r a g e  heat  t r an s f e r  a t  a constant  wall  t e m -  
p e r a t u r e  or a t  a constant  hea t  flux is mainly  cons idered  in the exper imenta l  r e p o r t s  [4-7]. Only in [7] is the 
local  heat  exchange of a hor izonta l  cyl inder  with a constant  heat  flux invest igated for t r a n s v e r s e  flow over  it. 
Data a r e  absen t  on the hydrodynamic  env i ronment  over  the en t i re  p e r i m e t e r  of a cyl inder  under conditions of 

mixed convection.  

In the p r e s e n t  r e p o r t  an exPer imenta l  invest igat ion is made of the flow of a ve r t i ca l  a i r  s t r e a m  over  a 
hor izontal  i s o t h e r m a l  cyl inder  when the d i rec t ions  of forced motion and the gravi ta t ional  forces  do and do not 
coincide.  The influence of na tura l  convect ion on the posi t ion of the separa t ion  point of the boundary layer  is 
invest igated.  The ve loc i ty  and t e m p e r a t u r e  d is t r ibut ions  a r e  measu red .  The local  and a v e r a g e  heat  fluxes a re  
de te rmined .  The m e a s u r e m e n t s  a r e  made  a t  Gr ~ 105, Re = 40-4000, and G r / R e  2 = 0.01-20. 

The invest igat ions were  conducted in the working chamber  of a ve r t i ca l  low-veloci ty  wind tunnel which 
could opera te  in closed and open s chem es .  The s t r e a m  veloc i ty  was var ied  in the r ange  of 0-1 m/sec  and the 
s t r e a m  t e m p e r a t u r e  was var ied  f r o m  20 to 50~ The deg ree  of s t r e a m  turbulence in the working chamber  did 
not exceed 0.3%. A cyl inder  made of copper  pipe 60 m m  in d i ame te r  and 200 m m  long was used as the working 
body. The degree  of blockage of the s t r e a m  by the cyl inder  was 0.12. As is known, such a level  of turbulence 
and s t r e a m  blockage does not a f fec t  the heat  exchange for l amina r  flow over  a cyl inder .  The cyl inder  was 
cooled or heated,  depending on the requ i red  d i rec t ion  of na tura l  convection.  

The sepa ra t ion  point of the boundary l ayer  was de te rmined  through v isua l iza t ion  of the flow by the method 
of a l a s e r  l ight ,kni fe ."  A thin s t r e a m e r  of tobacco smoke ,  which moved along a s t r e a m l i n e  in the boundary 
l aye r ,  was supplied in the plane of the Wknife" in the vicini t ies  of the upper  or lower c r i t i ca l  points of the 
cyl inder .  The sepa ra t ion  point was accu ra t e ly  de te rmined  v isua l ly  and f r o m  photographs f r o m  the sha rp  change 
in the d i rec t ion  of mot ion of the smoke  s t r e a m e r .  The a c c u r a c y  of de te rmina t ion  of the angular  coordinate  of 
the separa t ion  point was no w o r s e  than 2 ~ The veloci ty  was measu red  with a l a s e r  a n e m o m e t e r  of type 55L f rom 
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